On the Son-Yamamoto relation in the soft-wall holographic model of QCD 
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We study the vertex function of two vector and one axial-vector operators in the soft-wall holo- 
graphic model of QCD. In particular, we discuss the possible relation, introduced by Son and 
Yamamoto, between the structure function wt describing such a vertex when one of the two vector 
currents represents an on-shell soft photon and the the two-point — II AA correlation function. 
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cn: 

Since its introduction, QCD has always been difficult to study, due to its fundamental nonperturbative essence. 
The impossibility of using perturbation theory to evaluate low-energy observables has brought to the birth of a wide 
collection of techniques to extract information from the theory. Among those, we find effective theories like X?T or 
J^i HQET, sum rules, or lattice field theory, among others. The introduction of the AdS/CFT (Anti de Sitter/Conformal 



Field Theory) correspondence (or gauge gravity duality) around fifteen years ago, has opened a new direction 

to look at QCD. In the same way as four dimensional SU(N C ) Af = 4 SYM at large N c and strong 't Hooft coupling 
is conjectured to be dual to a gravity theory (type IIB string theory) on the product of a five dimensional curved 
spacetime, AdSs, and a compact manifold, the strong coupling regime of (large N c ) QCD is assumed to be dual to 
i— |- some higher dimensional theory (still to be found) in higher dimension, involving gravity. This offers the possibility 
' to perform complicated nonperturbative calculations in the simpler semiclassical dual theory and then "translate" 
O-i back the results in QCD through a holographic dictionary. Here we use a bottom-up model, the soft-wall holographic 
pi • model of QCD [1, Hj], to investigate the anomalous AV*V vertex in this holographic framework. The three-point 
(U correlation function: 

A" f 

Wg.fc) = i 2 \ d 4 xd 4 ye^ x ^ k -y(0\T[J,(x)4(0)jr(y)}\0) ■ (1) 

of an axial-vector current = qAj^j^q and two vector currents J ^ = qVj^q, when one of the latters represents a 
\ real and soft photon (i.e. with four- momentum k ~ 0, k 2 = 0, and polarization e Q ), ([1]) is related to the two-point 
Q\ ■ function 

^: r 

OV T^(q,k)=i d*xe i ^(0\T[J li {x)J^{0)Mk,€)) (2) 
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of J M and in an external electromagnetic field, by Ty, v (c[,k) = ee a Tfj_ V!T (q,k). In this limit, T^ v can be written in 
terms of two structure functions WL{q 2 ) and WT(q 2 ), one longitudinal and one transversal with respect to the axial 
current index, respectively: 



i — \ 

X: 
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u{q,k) = -^TT[QVA}{w T (q 2 )(-q 2 f^+q^f x ^q,q X f^)+ (3) 
+w L {q 2 )qvq X f\^ ; 



here Q is the electric charge matrix, — t^vufif ^ /2 and f a/3 = k a e^ — k^e a . It has been suggested in Q, that a 
relation exists between wt and the two-point correlator n L R = II^ y — IT^" 4 : 

wt{Q 2 ) = ^ + ^n LR (Q 2 ) , (4) 

where is the pion decay constant, for any value of Q 2 . This relation has subsequently been discussed in many 
papers , and still represents an open debate. We now want to examine such a relation within the context of the 

holographic soft-wall model of QCD. The model (which is natively not supersymmetric) is defined on an AdSs space 
with line element 



R 
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ds 2 = g MN dx M dx N = — (rj^dx^dx" - dz 2 ) . (5) 
z z 
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The coordinate indices M, N are M, N — 0, 1, 2, 3, 5, rj^v = diag(+l, —1,-1, —1) and R is the AdSs curvature radius 
(set to unity from now on). In the model, the fifth "holographic" coordinate z is bounded by e ^ z < +oo, with 
e — > + and represents an inverse energy scale. The five dimensional action defining the model is S = Sym + Scs'- 

Sym = j^— [ d 5 x^e-*Tr{\DX\ 2 -m 2 5 \X\ 2 -^(F v + F 2 

KYM J I 4? 5 

Scs = ^abcde J d 5 xTi [A a {F# C , F° E }] . 



) (6) 



5yM is the Yang-Mills action involving a vector and an axial vector U(Nf)v ® U{Ni)A gauge fields Vm = V^T a an d 
Am = dual to the dimension-three vector and axial currents, respectively, with T a the generators of the U{Nt) 

Lie algebra (a = 0, . . . , N 2 — 1 [13] ) , and the corresponding strength tensors Fy N and Fjf N . A background dilaton-like 
field $(z) = (cz) 2 is introduced in Sym to break conformal symmetry, and produces linear Regge trajectories for light 
vector mesons, the spectrum of which fixes the value of the parameter c = M p /2. X(x, z) — Xo(z)e l7T ^ x ' z " > is a scalar 
tachyon dual to the quark bifundamental operator qnqL- Xq(z) — v{z)/2 — mz+az 3 is a background field representing 
the v.e.v. of the scalar operator, and is linked through m, the quark mass, to explicit chiral symmetry breaking, while 
a oc (qq) [1(1 [3 determines the spontaneous breaking. Matching the vector and scalar two-point correlation functions 
with the corresponding leading order perturbative QCD results, we fix g\ — 3/4 and Uym = IGtt 2 /N r . The second 
part of ©, Scs, is a Chern-Simons term, needed to holographically describe the anomaly @, 0, [UHlff. Going to 4d 
Fourier space, we can write each field (in the axial gauge V z = A z = 0) as a product G"(g, z) — G(q, z)G® (q), where 
G(q, z) is the so-called bulk-to-boundary propagator and G^ (q) is the source of the corresponding dual operator in the 

QCD generating functional (G = V, A). Moreover, using the parallel and transverse projection tensors PjL = q^q v /q 2 

and = rjfiu — Pflv , we can express the bulk-to boundary propagators in terms of the transverse and longitudinal 
parts: 

V?(q,z) - V ± (q,z)P l t u Vr(q) (7) 
A;(q } z) = A ± (q,z)P^(q)+A ll (q,z)PlAr(q). 
To obtain the correlation function we are interested in, we use the AdS/QCD relation: 

/ e tfd 4 x O(x)/o(x)\ = e iS[f(x,z)] ( (gj 

\ / QCD 

identifying the QCD generating functional (Ihs) with the semiclassical limit of the partition function of the higher 
dimensional dual model (rhs). Eq. © represents the general relation involving a QCD operator 0(x) (the axial and 
vector currents and the scalar operators in our case) and the effective 5d action S of the corresponding dual field ([6]) . 
The source of 0{x) coincides with the z = boundary value fo(x) = f(x, 0) of the dual field f(x, z) in the 5d action. 

The correlation function of a vector and an axial vector current in the external electromagnetic background field 
can be written in terms of the functions wl and wt- 



Q 



2 



( J ; J »)P = ^ P , a [P>t(Q 2 ) + Pt! p w L (Q 2 )\ F ap . (9) 
wl and wt can be obtained by functional derivation of the on-shell action ^ [Io| (y = cz): 

w L {Q 2 ) = -7^ / dyA ll (Q 2 ,y)d v V(Q 2 ,y), 
v Jo 



(10) 



2 N 

w T (Q 2 ) = —t£ / dyA ± (Q 2 ,y)d y V(Q 2 ,y). 



Q 



The coefficient 2N C has been obtained fixing the factor kes in Scs to the value kes = from the QCD OPE of 

wl and wt- Substituting in (|10[) the solutions of the equations of motion coming from @, we obtain wl and wt for 
any value of Q 2 . In the chiral limit m = 0, a ^ 0, the large-Q 2 behaviour of wl and wt can be found analytically: 

w L (Q 2 ) = ^, (11) 



3 



with r = 2.74. Also I1lr(Q 2 ) can be found in terms of V(Q 2 , y) and A±(Q 2 , y): 



kvAigiQ 2 \ 

For large Q 2 = Q 2 /c 2 , a perturbative expansion in 1/Q 2 can be done (Toj : 



(13) 



AU 2 - / 1 

10tT 2 Q C 



n LR (Q 2 ) = -77^ + U5) , (14) 



and in the same way it is possible to find the leading power correction to Wt- 

.*W)-£(l + 0(£)). (15) 

Comparing Eq. (fT4)) to Eq. (fl"5|) . we conclude that the Q 2 dependences of the two sides of the proposed equality Q do 
not match in this model. A similar result has been found in the so-called hard- wall model j6[- 

In summary, we have shown that holographic QCD can be a promising and innovative method to study the 
nonpcrturbative regime of QCD, by evaluating the AV*V vertex structure functions through the holographic soft- 
wall model. In particular, it could help sheding light on some open problems, like the Son-Yamamoto relation which 
turns out to be not reproduced in this model. 
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